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Abstract 

We propose a framework for computing the (light cone) string field theory vertex 
in the case when the string worldsheet QFT is a generic integrable theory. The prime 
example and ultimate goal would be the AdS$ x S 5 superstring theory cubic string 
vertex and the chief application will be to use this framework as a formulation for 
M = 4 SYM theory OPE coefficients valid at any coupling up to wrapping corrections. 
In this paper we propose integrability axioms for the vertex, illustrate them on the 
example of the pp-wave string field theory and also uncover similar structures in weak 
coupling computations of OPE coefficients. 
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1 Introduction 


The integrability properties of string theory in AdS§ x S 5 background [I] together with the 
AdS/CFT correspondence [2] allows for obtaining exact results for various observables in 
AT = 4 Super-Yang-Mills (SYM) theory for any value of the gauge theory coupling in the 
planar, large N c limit. Currently this program is very well developed for the spectral prob¬ 
lem, namely for the determination of the scaling dimensions of all local operators H-®. For 
other observables we have currently only partial results like various strong and weak cou¬ 
pling expansions or exact answers but restricted to some particular concrete observables like 
generalized cusp Wilson loops, circular loops or for some ingredients of scattering amplitudes. 

A class of observables for which it would be crucial to obtain a similar level of under¬ 
standing as for the scaling dimensions are the OPE coefficients or, equivalently, the 3-point 
correlation functions of local operators. Namely, these quantities provide the remaining fun¬ 
damental data for any conformal field theory (CFT). Indeed, higher point functions do not 
carry any independent dynamical content and can be reduced to scaling dimensions, OPE 
coefficients and conformal blocks determined by conformal symmetry alone. 

On the string side of the AdS/CFT correspondence these quantities are also interesting 
for their own sake, namely the AdS/CFT string diagram corresponding to a 3-point function 
can be interpreted as a three string interaction. In fact, the first wave of interest in OPE 
coefficients of (unprotected) operators in J\f = 4 SYM theory [9]- [12] came from the proposed 
link with the 3-string string field theory vertex in the pp-wave [T3] string field theory (SFT) 
[Hj-Hlj. The SFT vertex is also interesting as it is related to the first 1/Y C corrections to 
the string hamiltonian/scaling dimensions, too. 

Unfortunately, there is practically no information on generalizing the pp-wave SFT to the 
full AdSs x S 5 case. This is not an issue of technical or calculational complexity but rather 
a more fundamental one. A unique feature of the pp-wave geometry is that, although it is 
curved, the worldsheet quantum field theory of the string in an appropriate light cone gauge 
reduces to free massive bosons and fermions m , thus allowing for the use of mode expansions 
in implementing continuity conditions for the SFT (light cone) vertex [14J similarly as for 
the flat space SFT vertex [21J. For an interacting worldsheet QFT, as is the case for the full 
AdS$ x S 5 geometry, we do not have any techniques so far for finding the SFT vertex. 

Thus the main goal of the present paper is to provide a new formulation for the problem 
of determining the (light cone) SFT vertex in the case when the worldsheet theory is a 
generic integrablc QFT, which includes as a key special case the AdS$ x S 5 background. 
We propose an integrablc bootstrap formulation of the SFT vertex, namely a set of coupled 
functional equations for the SFT amplitudes understood as the value of the vertex with 
specific string excited states on each of the three legs. The dependence on the concrete 
background/worldsheet QFT enters through the appearance of the S-matrix in the SFT 
vertex axioms. This formulation should be valid up to exponential ‘wrapping corrections’. 

The bootstrap approach for obtaining various physical quantities in two dimensional 
integrablc quantum field theories has already a long and successful history. Basically it 
amounts to implementing very general functional and analyticity properties of the various 
observables and using in addition key properties of integrability like factorized scattering etc. 
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Figure 1: The geometry of the worldsheet for the cubic light cone string held theory vertex. 


Initially, the bootstrap program was developed for determining the scattering amplitudes 
(and at the same time the particle content, hence the name bootstrap) for a theory on a two- 
dimensional plane [22]-[24]. The result is the explicit knowledge of the 2-particlc scattering 
S-matrix and the mass spectrum of the theory, e.g. the masses of bound states in terms of 
the masses of the fundamental particles. Subsequently this information was used to obtain 
the spectrum of such a theory on a cylinder of finite size [ 25, [26] . 

Since then, the bootstrap program was extended to cover theories with integrable bound¬ 
ary conditions [27], providing exact formulas for reflection factors; as well as for theories with 
integrable defects [28]. 

A whole new held of research started when bootstrap was applied to more fine-grained, 
and in a certain sense off-shell observables such as form factors ra-ra- Here, in contrast 
to ordinary scattering amplitudes the number of incoming and outgoing particles does not 
need to be balanced. All the above developments appeared within the context of ordinary 
relativistic integrable quantum held theories and rehected the main questions of interest in 
such contexts. 

One of the most intriguing features of the AdS/CFT correspondence is that it provides 
a mapping between observables in a 4-dimensional gauge theory and in the 2-dimensional 
string worldsheet quantum held theory. As such, some natural questions in the 4-dimensional 
gauge theory suggest completely novel problems/geometrical configurations in the dual 2- 
dimensional integrable QFT, which were never investigated hitherto by the relativistic inte¬ 
grable QFT community. 

Some prime examples of such problems involve, on the classical level, strong coupling 
scattering amplitudes (equivalently null polygonal Wilson loops) [[32], classical solutions with 
the topology of a thrice-punctured sphere relevant for the OPE coefficients of (classical) 
operators at strong coupling [33]-[SB]. 

The hrst application of bootstrap ideas in such a novel geometrical context was the very 
interesting work which provided bootstrap equations for (excited) pentagonal scattering 
amplitudes relevant for general multigluon scattering amplitudes in Af — 4 SYM. 

The goal of this work is to apply the bootstrap methodology to the classic string pants 
diagram (see fig. [Tj) relevant for the (light cone) SFT vertex. 

In the following section, which is still a continuation of the introduction, we provide an 
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explanation of the main ideas and motivations behind our approach and then give an outline 
of the remaining parts of the paper. 


2 Insight from the spectral problem and form factors 


The spectral problem for an integrable quantum held theory is defined as finding the energy 
levels of the theory defined on a cylinder of arbitrary size. 

As a first step in solving this problem, one passes to the same theory but defined in infinite 
volume - on the whole two-dimensional plane. There we have well defined asymptotic states 
so we can consider the S-matrix. What is crucial, however, is that only in this setting we 
have at our disposal analyticity properties of the S-matrix, especially crossing. Thus one 
first solves the theory in infinite volume by implementing the symmetries of the problem, 
solving the Yang-Baxter equation together with unitarity and crossing, and determining any 
remaining possible CDD factors. At this stage one obtains the exact analytical form of the 
S-matrix. This procedure is commonly called the S-matrix bootstrap. 

In the second step, one considers the same theory defined on a large cylinder of cir¬ 
cumference L. A multiparticle state on the cylinder can be considered just as a quantum 
mechanical multiparticle state parametrized by the particles momenta {pi}- These momenta 
are quantized by the Asymptotic Bethe Ansatz quantization conditiorf] 

e i* k ( {Pt }) = e i Pk L S ( Pk , Pi ) = 1 (2.1) 

i^k 

which essentially amounts to the single valuedness condition for the wave function. The 
energy of the relevant state is then given by the sum of the particles’ energies 

N 

E = Y. ( 2 . 2 ) 

k =1 


As we decrease the size of the cylinder, quantum-field-theoretical virtual effects become 
important (so-called wrapping corrections ) with the leading terms being described by (gener¬ 
alized) Liischer corrections [38j[39], again in terms of infinite volume data. These corrections 
give additional terms of order e~ mL in the energy formula (2.2) and quantization conditions 


(2.1). Subsequent multiple wrapping terms are much more involved (although progress has 
recently been made M) but surprisingly the whole infinite set of wrapping corrections can 
be effectively resummed through the so-called Thermodynamic Bethe Ansatz, which pro¬ 
vides the exact spectrum for any size of the cylinder. In the nondiagonal case, this last step 
is, however, quite involved (this is especially true in the AdS 5 x S 5 setup 0-0). 

In the above description we would like to emphasize two points. Firstly, the neccessity 
of having an infinite volume description in order to formulate functional equations for the 
S-matrix. Here the existence of crossing invariance is of particular importance. Secondly, the 


1 With appropriate nested Bethe Ansatz structure in case of nondiagonal S-matrices. 
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simplicity of the finite volume answer as long as we neglect the exponential wrapping correc¬ 
tions ~ e~ mL . The obtained answer is valid for any value of the coupling in the integrable 
QFT. Ultimately we would like to have a similar framework for the OPE coefficients. 

A suggestion has been made for the use of form factors in this context ra-ra- 
Form factors are expectation values of a local operator on the worldsheet sandwiched 
between multiparticle in and out states. 

^,...,^10(0)1^,...,^ (2.3) 

In infinite volume one may use crossing to put all particles into the in state 

(0\0(0)\9 1 ,...,9 n ) = F n (9 1 ,...,9 n ) (2.4) 

and formulate functional equations for these quantities. Assuming for simplicity a theory 
with just one species of particles and no bound states, the equations take a very transparent 
form: 


F n (0 h ... ,6i, 9 i+ 1,..., 9 n ) 
F n {0\ + 27t i, 9 2 ,..., 9 n ) 


F n (e 1 ,...,9 i+1 ,e i ,...,e n )s(e i ,e i+1 ) (2.5) 

F n {0 2,... A A) (2.6) 


-i Res 0 , =e F n+2 {9' + m, 9, 0 ls ..., 9 n ) = (1 - J] S(6,9 i ))F n (9 1 , ...,9 n ) (2.7) 


i =1 


Equation (2.5) can be understood as a simple consequence of the commutation relation 


between Zamolodchikov-Faddeev creation operators. Equation (2.6) is very important as it 


involves in a crucial way crossing properties. Last particle with rapidity 9\ gets crossed up to 


the out state, then it will get crossed back on the other side. Equation (2.7) is the so-called 


kinematical singularity axiom and is the crossed version of the fact that the form factor has 
a singularity once an outgoing and an incoming particle have the same rapidity. 

These axioms are the form factor counterpart of the S-matrix bootstrap and similarly 
allow for an exact explicit solution. Indeed, the form factor axioms have been solved ex¬ 
actly for numerous relativistic integrable quantum held theories, ( To. 146] including ones with 
nondiagonal scattering mm- 

If we again would be content with neglecting wrapping corrections, the finite volume form 
factors can be expressed in a very simple way through the infinite volume ones m 


( 0 | 0 ( 0 )«„),= 


\JPn ' n ? < 7 S(9i, 9j) 


■F n (9 u ...,9 n ) 


( 2 . 8 ) 


Here the finite volume rapidities 9i, ..., 9 n are constrained to obey the Bethe Ansatz quan¬ 
tization condition and p n is the Gaudin norm 


Pn 



(2.9) 
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which accounts to the difference between the natural finite volume normalization and the 
continuum normalization in infinite volume. Finally, the square root of the product of S- 
matrices, which is just a phase, ensures that the finite-volume form factor is a completely 


symmetric function of the rapidities in contrast to the infinite volume one which obeys (2.5). 

Thus we see a similar pattern as for the spectral problem — functional equations in 
infinite volume and a simple passage to finite volume up to wrapping corrections. 

Form factors seem to be a promising framework for OPE coefficients in the special case of 
so-called HHL (Heavy-Heavy-Light) diagonal 3-point functions, where two operators corre¬ 
spond to a specific multiparticle state (with large anomalous dimension at strong coupling) 
while the light operator does not carry any conserved R-charges. In this case the strong 
coupling classical formula (|3B1 SHJ modified in [H]) denoted schematically by 


C 


HHL 


'Moduli ■ 


dVyyxV)] 


( 2 . 10 ) 


coincides exactly with a classical computation of a diagonal form factor (here we integrate 
over the moduli space of the classical 2-point correlation function solution of the Heavy 
operator). This has a distinctive pattern of finite volume dependence (a bit more complicated 
than (2.8) due to diagonality and disconnected terms. See m IHHIJ foi details). However this 


hypothesis has been so far tested only at strong coupling. 

The form factor formulation in the context of OPE coefficients has both significant ad¬ 
vantages as well as disadvantages. On the positive side, through the existence of infinite 
volume axioms and simple finite volume reduction, they have the potential to work at any 
coupling up to wrapping corrections. On the negative side, they are potentially applicable 
only if the initial and final volume remain the same (i.e. the third ‘light’ operator does not 
carry any J charge), and probably only if the two ‘heavy’ operators are conjugate to each 
other. This is not a generic situation as typically we have J\ + J 2 = J 3 with all J/s distinct 
from zero. The case Ji — 0 is an important albeit very special case. Another difficulty 
with the form factor formulation is that the three gauge theory operators are treated very 
asymetrically. Two gauge theory operators are considered as external multiparticle in and 
out states, while the third operator is represented by a specific ‘effective’ worldsheet vertex 
operator which corresponds, in the form factor language, to a particular solution of the form 
factor axioms. It is for the moment a-priori not clear how to associate the specific solution of 
form factor axioms to a particular gauge theory operator/massive string state. Of course this 
is still premature as currently we do not have at our disposal any solution of the form factor 
axioms in the case of the worldsheet AdS§ x S 5 string theory, which remains an outstanding 
open problem. 

I 11 this paper we will pursue an alternative formulation which involves the study of the 
cubic (light-cone) string field theory vertex. An AdS§ x S 5 string diagram corresponding to 
a 3-point correlation function has the topology of two strings joining into a third one and 
certainly involves the cubic vertex as an essential ingredient. I 11 fact this line of approach 
was widely used in the pp-wave limit with a formula of the kind 


C 123 = f( A 1 ,A 2 ,A 3 )-(1\(2\(3\VA 


pp—wave 


( 2 . 11 ) 
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where (i| represent the appropriate BMN operators described using pp-wave string exci¬ 
tations and \V%) pp _ wave is the pp-wave cubic string vertex constructed in [HI [15, EE 18]- 
Various concrete formulas were put forward pnans] but we do not have currently a clear 
generalization of this formula to the full AdS$ x S 5 context)^} 

Leaving this issue aside, in this paper we will concentrate on proposing an integrable 
approach for computing the cubic vertex 


<1| (2| <3|V 3 > 


X 


( 2 . 12 ) 


which would be applicable in principle for a curved background X such that the worldsheet 
string QFT is integrable. Our formulation is a-priori restricted up to wrapping corrections 
relative to the sizes of the three closed string^ We will provide functional equations for 
the above quantities ( 2 . 12 ) in a certain decompactification limit (to be defined later in the 


paper) and provide a recipe for obtaining the physical finite volume version of ( 2 . 12 ) along 


the lines of the relation ( 2 . 8 ) 


Since we will not control the overall normalization of the vertex in this paper, the func¬ 
tion /(Ai, A 2 , A 3 ) may be incorporated into the vertex so the functional equations may be 
potentially interpreted as functional equations directly for the OPE coefficients (although 
this interpretation should be treated with care as the relation between the AdS$ x S 2 3 4 5 vertex 


(1| (2| (3|V 3 ) A(i56x5 5 


(2.13) 


and the OPE coefficient C 123 may will be of a more general form than (2.11)). 

The chief obstacle in defining the string vertex for an interacting worldsheet theory is 
that the hitherto applied constructions of the string field theory vertex used in an essential 
way mode expansions of the worldsheet fields and operator continuity conditions [2D [H3- 
In the interacting context we do not have such tools at our disposaQso we apply a form of 
an integrable bootstrap approach by isolating a decompactification limit allowing to define 
functional equations incorporating crossing and a subsequent finite volume reduction which 
should be straightforward as long as we are neglecting wrapping corrections. We thus adopt 
the same philosophy which was so successful both in the case of the spectral problem and 
for form factors in relativistic theories. 

In the remaining part of the paper we will first recall some information about the pp-wave 
string field theory and its exact solution, then define the decompactified vertex and propose 
the string vertex functional equations. Then we will analyze these equations in the case of 
the massive free boson and compare with the pp-wave results in order to get insight into 
the required analyticity structure of the solution. In particular we will show how the very 
nontrivial special functions appearing in the exact pp-wave solution of [52] can be obtained 
easily from our functional equations. Then we will proceed to define the program for the 
finite volume reduction and give the string vertex axioms in the general nondiagonal case. 


2 Some problems were recently encountered in [51] . 

3 Although wrapping corrections for a single string may be incorporated in this approach. 

4 Although expansions into Zamolodchikov-Faddeev operators may in principle exist, they seem to be 

impossible to control even in the simplest interacting contexts. 
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Figure 2: The geometry of the worldsheet for the cubic light cone string held theory vertex 
in two different representations. The embedded left figure is flattened on the right by cutting 
along the various lines, which are identified on the right picture. 

Finally, we will also show that some of the general properties of our axioms can be observed 
in direct weak coupling computations of OPE coefficients in the su( 2) and sn(l|l) sectors. 
We relegate various technical details to the appendices. 

3 The pp-wave light cone string field theory vertex 

A unique feature of the pp-wave limit of AdS 5 x S 5 is that when the Green-Schwartz super¬ 
string action is considered in an appropriate light-cone gauge, the worldsheet theory reduces 
to a set of noninteracting massive boson and fermion fields. Hence in this geometry the 
superstring can be easily quantized exactly m- Similarly, the light cone string held theory 
vertex can also be formulated in a direct generalization of the well known hat space case 
(although there are several significant subtleties in implementing target space supersymme¬ 
try m Eh 33! in order to determine the so-called ‘prefactor’ part of the SFT vertex). 

The light cone string held theory cubic vertex describes the splitting (or joining) of an 
incoming string into two outgoing strings (see hg. [2] (left)). The sizes of the strings, which 
are proportional to conserved charges add up, hence we have 

Li + L 2 = L 3 . (3.1) 

(or A + J 2 = J 3 — we will often identify the J charge with the size of the cylinder and use 
one or the other notation depending on whether we want to be closer to the AdS?, x S 5 string 
context or whether we want to emphasize a generic integrable QFT point of view). 

The pp-wave vertex consists of two distinct parts. One is a universal exponential part 
which follows from putting the worldsheet QFT onto the geometry shown in the right of 
%-i while the second part is the so-called ‘prefactor’ which is an operator inserted at the 
splitting point, and takes the form of a quadratic polynomial in creation and annihilation 
operators. The latter part is required by target-space supersymmetry algebra, while the 
former part basically implements just the continuity equations for the worldsheet QFT at 
the string splitting. Here we will concentrate the discussion on this universal part, although 
our methods should be applicable also to the full vertex. 
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Technically, the (bosonic) universal exponential part of the vertex is obtained in the 
following way. The free massive boson is expanded into cosine and sine modes in the three 
regions corresponding to strings #1, ^2 and #3, with coefficients being the appropriate 
creation and annihilation operators of the modes. Then one requires the continuity of (j) and 
II = d T (f) at the string splitting time to obtain linear relations between the relevant creation 
and annihilation operators: 


£ 



a +W _ a (r)\ = 

u m 


)=o 


4 («m r) + a£?) 


r =1 


0 


(3.2) 


In the above formula am' r ' > is the creation operator for string r with mode number m, is 
proportional to the energy of that mode (see below), while X^ m is a purely geometric overlap 
between mode m on string r and modes defined on the whole interval (and thus coinciding 
with modes of string #3). sgn r is a sign which is opposite for ingoing and outgoing strings. 

The above equations are implemented as operator equations acting on a state \V) € 
^3 which represents the SFT vertex. The simplest solution of these equations is 
an exponential of a quadratic form in the creation operators: 


|c> = exp 1 1 J2 £ K™ y (r, < (,) ) 10) (3.3) 

l, r,s=l n,m ) 

The coefficients are the famous Neumann coefficient^] and the problem of finding their 
explicit form is surprisingly intricate. This comes from the fact that they involve finding the 
inverse of an infinite dimensional matrix defined through ( |3.2[ ) . In the case of the pp-wave, 
the solution has been found in two steps. Firstly, the Neumann coefficients where shown to 
obey a factorization property: 


mna iV^IV* 
1 — 4 jiaK a s (dn + a r 


(3.4) 


where 


Ji 

oil = — 
^3 



0)3 — —1 J OL — 0)30)20)3 


(3.5) 


and n is a parameter of the pp-wave background while K and the Neumann vector are the 
nontrivial quantities. Then the Neumann vectors and K have been ultimately determined 
in the impressive works [53] and [52]. The latter paper (to which we will often refer by the 
shorthand LSNS) provides a very explicit form for the exact answer which we will discuss at 
length in section |5} 

Before we finish this section with some comments, let us emphasize that the standard 
approach to the string held theory vertex outlined above is almost impossible to generalize 


5 The bar in N 5 * 7 r) b rn comes form the fact that we are dealing here with cosine and sine modes. When we 

pass to modes with definite worldsheet momentum, which will be the case relevant for this paper, we will 

use unbarred notation. 
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Figure 3: The string field theory vertex with some incoming and outgoing particles in each 
of the three strings. 


to the case of an interacting worldsheet QFT (as would be the case for AdS$ x S' 5 ). In the 
interacting case, we do not have a workable analog of mode expansions hence it is extremely 
difficult to imagine how to implement continuity relations. Moreover, the above formulation 
using integer mode numbers seems to be intrinsically tied to a finite volume setup which 
makes matters even more complicated. The goal of this paper is to find an alternative 
approach which bypasses these problems. 

Let us now comment on various properties and features of the pp-wave SFT vertex which 
will be important for our subsequent considerations. 


The form of the exponential vertex (3.3) provides for us a clear physical interpretation 
of the Neumann coefficients. iV^ is just the amplitude of a free massive scalar theory 
on the pants diagram (fig. [2] (right)) with just two particles/modes - one on string r with 
mode number n, the other on string s with mode number m, and vacuum on the remaining 
string(s). The exponential form of the vertex (3.3) means essentially that all amplitudes with 


a higher number of particles distributed on the pants diagram are expressible in a simple way 
in terms of the 2-particle ones (i.e. in terms of the Neumann coefficients). We expect that 
in the interacting case the relation between the amplitudes with higher number of particles 
and lower ones will be less trivial so the goal of formulating the vertex corresponds to finding 
(equations for) amplitudes with all possible distributions of particles among the three strings 
and not just generalizing Neumann coefficients to the interacting case. 

Let us now introduce some general notation for a generic SFT amplitude with particles 
with rapiditic^]#!, ..., 6 n on string #3, 9[,..., 6' m on string ^2 and 9 ",..., 9 " on string #1. 
We also explicitly mark the sizes of the respective strings: 


n 3 I 2;1 

^L 3 \L 2 -,L 1 


9i, ... , 9 r 


O' O' • 0" 
u h ■ ■ ■ i u m i U 1 5 




(3.6) 


For the case of the pp-wave SFT vertex, these quantities can be directly expressible in terms 

6 For the sake of clear notation here we parametrize the particles by relativistic rapidities, but the defi¬ 
nitions will go over verbatim either to a parametrization in terms of momenta or in terms of complex AdS 
rapidities. 
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of the Neumann coefficients. Assuming for the moment the absence of the prefactor, we 
would have 


N Sl;L. ((M2 | 0;0)=iV, 


— at 33 
niri2 


n SLl, (01 «2;0)=iV, 


— at32 
n\ri2 


(3.7) 


where n* are mode numbers corresponding to particular momenta/rapidities and the empty 
set 0 just denotes the vacuum. A more complicated example is 


(01.02 I 03 ; 04) = 


31 

n\n± 


(3.8) 


When we give formulas for the pp-wave case, we will alternatively use the conventional 
notation of Neumann coefficients, but always recall (3.7). 

Another interesting observation comes from analyzing some important parameter regimes 
appearing in the pp-wave case, fi is a parameter which is essentially the inverse of the ‘t 
Hooft coupling. It appears in the frequency of the appropriate mode as 


uf m = s/m 2 + ji 2 a 2 


(3.9) 


For our purposes it is convenient to reformulate all formulas by trading the integer mode 
numbers for physical worldsheet momenta. The momenta are given by p = ±2nm/J ri and 
thus the frequency becomes 

^ -y/p 2 + M 2 (3.10) 

where J = J 3 and the mass of the scalar field is related to /j through 

97 r 

M= y/ u (3.11) 

In the pp-wave times, people were mostly interested in comparison with gauge theory per¬ 
turbative computations and thus concentrating on an expansion around // = oc in inverse 
powers of fi. In particular they employed simpler asymptotic versions of the Neumann coef¬ 
ficients which neglected terms of the type 


^—2nfi\a r \ 


(3.12) 


It is interesting to realize that this term, when expressed in terms of the physical mass of 
the free boson (3.11), becomes 

e~ MJr (3.13) 


which is exactly the scale of wrapping corrections associated to string r. In fact this nicely 
explains the observation made in [52] about the similarity of the formulas of the leading 
exponential corrections to the Neumann coefficients with Casimir energy of the free massive 
boson. 

In the following, we will also need expressions corresponding to modes with definite 
worldsheet momentum - thus the so-called BMN modes instead of the cosine and sine modes 
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used in the derivation of the Neumann coefficients. The explicit relations are given e.g. in 
|16j, in particular we have 

N rs =-(N rs -N rs ) (3.14) 

mn 2 V mn —m —n) 'v / 

for positive mode numbers. 

We will be mostly, but as it will turn out not exclusively, concentrated on the string 
vertex when neglecting wrapping corrections. In this limit, the expression for N™ n no longer 
involves special functions but is still apparently quite cumbersome [55] : 


N rs oc 

ly mn 


+ ^r)(uJ S n + flCXs) Vfc “ /i«r) 


UJ r +cu s 

m 1 n 


(jJ r +(J S 
m 1 n 


(3.15) 


with 

Sim = s 2 m = 1 s 3m = -2 sm(nmoti) (3.16) 

Surprisingly enough, once we parametrize the modes by rapidities p = Msinh#, the above 


expression simplifies drasticall}0 

N 33 (9,9') asympt oc -2 


sin 2^ sin 
cosh ^=f- 


(3.17) 


where we extracted simple factors related to the normalization condition for the modes and 
some overall constant factor. The subscript a sym P t denotes the fact that we neglected all 
exponential wrapping corrections in e~ MLl . 

Let us make some comments on the above expression (3.17). Firstly, we see that the 


discrete nature of the finite volume integer modes does not play here any important role. 
In fact the above expression is extremely simple when expressed in terms of infinite volume 
rapidities. The passage to finite volume amounts herc^just to evaluating the above expression 
(3.17) for rapidities corresponding to quantized momenta i.e. p = Msinh(0) = 2im,/L. This 


is in direct correspondence with the finite volume evaluation of form factors (2 


Secondly, the analytic structure of this function is also quite appealing as there is a 
pole at 6 = 9' + in, which is exactly the characteristic position of the so-called kinematical 
singularity for form factors, with the in intimately related to crossing properties. 


Thirdly, there are nevertheless still some surprising features of the expression (3.17). 
Two-particle form factors typically have vanishing residue at the kinematical pole (see (2.7)), 
while her^ the residue is nonzero and is in fact quite bizarre. The sin ^ factors are also 
quite surprising by themselves. They are almost of the ‘wrapping’ type, however instead of 
being exponentially suppressed, they are oscillatory. 

Moreover, if one would consider the asymptotic form of N 32 


N 32 (0,0') asympt oc 


Sill 


pL i 


sinli 


e-e 1 

2 


(3.18) 


5.3 


7 We provide more formulas and discuss various intriguing features of this limit in section 
8 Recall that we are always neglecting exponential wrapping corrections. 

9 Recall from the discussion above that Neumann coefficients can be interpreted as two particle amplitudes. 
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Figure 4: The decompactified string field theory vertex in two different geometrical repre¬ 
sentations. 


one would see that (3.17) and (3.18) are related by a surprisingly modified form of crossing 
relation 

(3.19) 


IV 33 (0,0' - in = -21 sin ^-y^!V 32 (0, 9’) asympt 


which, incidentally bears a striking resemblance to the modified crossing observed in [5U 55J. 

So to conclude this section, we see that the asymptotic form of the pp-wave Neumann 
coefficients very strongly suggests the existence of an infinite volume formulation based on 
analyticity properties such as crossing, kinematical singularity etc. In the remaining part 
of the paper we will indeed provide such a formulation and also show that the apparent 
modification of crossing in (3.19) is in fact an artefact of the large volume limit and the true 
crossing property should be different. 


4 The decompactified string vertex and the SFT ax¬ 
ioms 

As emphasized before, in order to be able to formulate functional equations incorporating 
crossing property it is crucial to define a decompactified version of the SFT vertex. We show 
such a construction in fig. [4| where we cut strings ^2 and #3 and extended their boundaries 
to infinity. The right hand side of this figure shows the resulting pattern of identifications in 
the two-dimensional plane. Here string #1 remains of finite size L = L { and there will be a 
nontrivial dependence on the dimensionless product mL. In particular, we expect that the 
decompactified vertex amplitudes will incorporate all wrapping corrections associated with 
string #1. 

Of course, we could have just as well made the cut along string #1 and #3, leaving 
string ^2 at finite size. In fact in order to find the physical finite volume SFT vertex 
from integrability we will advocate considering simultaneously both possibilities, solving 
the associated two sets of functional equations and then requiring that the finite volume 
reductions of both solutions will coincide. We will describe this in more detail in section [71 

Finally, we note that unfortunately we cannot decompactify both outgoing strings, be¬ 
cause then the ingoing string ^3 would split into two disconnected pieces. In fact we will 
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find that the size of the leftover finite size string L will play a crucial role in formulating the 
SFT axioms. 


4.1 The decompactified SFT axioms 

In the following we cut string ^2 and string ^3 and extend their boundaries to infinity as 
shown on the left of figure 2. On the right, one can see the full infinite spacetime domain of 
string #3 on the lower part, while the infinite spacetime domain of string ^2 with a missing 
strip of size L on the upper part of the figure. The two sides of the strip are identified to 
form the space-time cylinder of string #1. The other identification on the figure makes the 
space-time for string ^2 continous, i.e. leaving from left to right on the left of the strip we 
appear immediately on the right of the strip. 

The aim of this section is to propose functional equations for the amplitude with pre¬ 
scribed number and momenta of particles on the decompactihed strings ^2 and #3, while 
the particle content in the compact string #1 may be arbitrary. Since these string #1 
excitations will not enter the equations at all, we will denote them by • below. 

As the decompactihed SFT vertex amplitude has slightly different propertied from the 
finite volume one discussed in section |3j we introduce some specific notation in this case. We 
thus denote the decompactihed SFT vertex amplitude by 


n;’|U ft,... A 



(4.1) 


which contains particles with rapidities {6^} in domain ^3 and with rapidities {#'■} in domain 

# 2 . 

The superscripts denote the noncompact ingoing and outgoing strings, L is the size of 
the remaining closed string #1 and • denotes its specihc state as well as any local operator 
inserted at the string splitting point (like the prefactor in the pp-wave SFT vertex), see 
Figure [5] for a graphical notation. 

In the following, we will sometimes suppress the lower subscript . ^ as long as it remains 
unchanged. We assume that the particles scatter on each other diagonally with the scattering 
matrix S(9i,9j). We will cover the general non-diagonal case in section [6} This S-matrix 
does not necessarily depend on the differences of the rapidities but satishes unitarity 

S{e i ,6 j ) = S{6 j ,6 i )- 1 (4-2) 


When particles pass through each other they scatter with the S-matrix, thus their ordering is 
essential. States in domain ^3 are preparated at t = —oo and contain particles with ordered 
rapidities 9 t > 9 i+ 1 , i.e. the fastest is on the leftmost. We call these states initial states. 
States in domain #2 contain ordered particles with rapidities 9' i+1 < 9[, in which the fastest 
is the rightmost. These states are called final states. The coefficient above describes 
the transition amplitude from an initial to a final state. Clearly if there were no space 
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This is exactly as for the relation between finite volume and infinite volume form factors which differ by a 
Jacobian factor and a product of S-matrices neccessary to ensure symmetry of the finite volume one c.f. (2.81. 
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e, 


0i e 2 


Figure 5: Graphical notation for the SFT vertex. Domain ^3 is below the dashed line and 
contains incoming particles {$*}, while domain ^2 is above the line and contains outgoing 
particles {dj}. The emission of string #1 is represented by the circle, which can be under¬ 
stood as a partly nonlocal operator insertion in the form factor language. It introduces a 
discontinuity which is distributed symmetrically on the border of the two domains indicated 
by dashed lines. 


deficiency, L — 0, (and trivial operator insertion), would be nothing but the scattering 
matrix element, nonvanishing only for coinciding sets of rapidities. If, however, f ^ 0, or 
there is an operator insertion the corresponding is similar to a form factor: that is to a 
matrix element of an operator. This operator is local for L = 0 but is non-local for L ^ 0. In 
the following we focus on the L ^ 0 case. This is similar to the situation, when we analyze 
the form factors of an operator, which is nonlocal with respect to the particles. Moving a 
particle around the space deficiency would pick up a phase factor proportional both to L and 
to its momenta: e ipL . This bears some similarity with the form factor axioms with nonzero 
index of mutual locality [56]. Note, however, that here the analogous index is momentum 
dependent which is a completely novel and unique feature of the string vertex. By the choice 
of the bases in domains ^3 and ^2 we can freely place this nonlocality wherever we want. 
To be in accordance with the pp-wave conventions we distribute the nonlocality in an equal 
way on the border of domains ^3 and #2, which we indicate by dashed lines on the figures. 

This means we define the crossing equations as 


N^(» 1 , | = (WlS N» 0[ - in | , ff m ) (4.3) 

N^(»1, I ,0 = e-»««i + i,r, 0!,... A I , 6K,.,) (4.4) 

They are represented graphically on Figure [6] 

In these equations it is understood that no rapidites in the initial and final states coincide 
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e m e m _! ... 0; 



Figure 6: Crossing transformations for the SFT vertex. 


6 t 6) as otherwise disconnected terms can arise 


n 


Crossing all particles to domain ^3 we 



(4.5) 


Figure 7: Elementary SFT vertex, 
can define the elementary SFT vertex 

n.,40!,... A) = n^(0 1? ...a \0) 

which obviously contains all the information^ This vertex is represented graphically on 
Figure [7} 

Now we formulate the axioms it should satisfy. As the initial state is a scattering state 
exchanging two neighbouring particles leads to the factor of the scattering matrix, see Figure 

m 

n . >L (fh, ..., 6i, e i+1 , ..., e n ) = s(e u 0 i+ i)N. iL (0 1 ,. .., e i+1 , e n ) (4.6) 

Crossing the first particle to domain ^2 and crossing back to the last position we obtain 
the monodromy relation 

N. >L (fh, 02, ...,e n ) = e~ ip ^ )L N., L (0 2 , ..., e n , e 1 - 2 ur) (4.7) 


n Let us note that it is possible to introduce a sign in both equations ( |4.3| ) and (4.4) to accommodate 
different normalization conventions. This does not change, of course, any physical content. 

12 Recall that the empty set 0 denotes the vacuum (no particles) while • stands for any particle content. 
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0 ! ■■■ 0 ; 


0 




Figure 8: Permutation axiom of the SFT vertex, 
which expresses the nonlocality of the “operator insertion”, see Figure [9j Here we used that 

p(9 1 + *7r) = -p{9 1 )- 




Figure 9: Monodromy axiom of the SFT vertex. 


The above two relations provide functional equations which enable to determine the 
coefficient Nonce its analytical structure is known. N. ^ must be a meromorphic function 
of the rapidites, whose poles have physical origins. There are poles which have kinematical 
and others which have dynamical origins. A kinematical singularity can appear whenever, 
after crossing, an initial particles’ rapidity coincides with a final one. The residue of the pole 
is proportional to the amplitude where the two particles are missing as: 

n 

- iRes*=*N. iL (0' + Z7T, 0, 01, ■ ■ ■, e n ) = (l - e ip ^ L J] 5(0,0*)) N..., 0 n ) (4.8) 

i= 1 


The proportionality factor expresses the fact that the on-shell particle can pass the other 


particles and the defect on both sides as shown on Figure 10 


The dynamical singularity axiom is related to the existence of boundstates and expresses 
the SFT vertex of the boundstate in terms of that of the fundamental particles. As this 
axiom does not provide any restriction on the elementary SFT vertex we do not write out 
explicitly here, but spell out the details in the nondiagonal case in section [6] below. 

Let us finish this part by specifying the kinematical singularity axiom for the case when 
there are particles both in the initial and final states, as this equation will show up in the 
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Figure 10: Kinematical singularity axiom of the SFT vertex. 


weak coupling limit of the OPE coefficients: 

n n 

e ~ip{0)L /2 ^ _ e ip{9)L n s{e, 6i) n^p 0 )) x 

i=l j=L 

n5(0i,...A|0;,...,<4) (4.9) 

Finally, note that the above equations do not depend in any way on the state of the 
compact string (string #1 here). This is in fact very natural and is analogous to the well 
known form factor axioms which have exactly the same form for any local operator. The 
form factor axioms do not have a unique solution, however, and various solutions correspond 
to form factors of various local operators. We expect the situation to be similar here — the 
axioms for .., 6 n ) will have many solutions depending on the particle content of 

string and on the choice of prefactor operator in the SFT vertex inserted at the splitting 
point. 

However, this time in contrast to the ordinary form factor case, we will be able to provide 
additional information which will severely restrict the dependence on the string state. 
This will be discussed in detail in section [7J where we complete the formulation of our 
program for the SFT vertex. 

5 The free massive boson example (or the pp-wave 
SFT vertex) 

In this section we will discuss the simplest case for which our integrable approach should 
work i.e. a free massive boson. This is precisely the case of the pp-wave SFT vertex^ the 
Neumann coefficients of which are known exactly. 

The consideration of the pp-wave vertex is interesting for a variety of reasons. Firstly, 
we may check that the proposed booststrap axioms are indeed satisfied. Secondly, we may 

13 Since the treatment of massless particles in the integrable S-matrix language is in general quite subtle, 
together with the importance of wrapping, a discussion of the flat space SFT vertex of m would require a 
lot of care. 


- tRes^N. 51 ^, e u ..., e n \e [,..., c o') = 
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analyze the analytical structure of the pp-wave Neumann coefficients to put forward some 
‘empirical’ analyticity requirements for the solutions of the bootstrap SFT vertex axioms 
in the general interacting case. Thirdly, we may investigate directly their asymptotic limit 
neglecting wrapping corrections, which limit turns out to have surprisingly subtle proper¬ 
ties. Finally, we may see how to reconstruct the exact (decompactihed) pp-wave Neumann 
coefficients directly from our axioms together with the analyticity assumptions mentioned 
above. 


5.1 A review of LSNS formulas 


Let us start by reviewing the known exact solution for the pp-wave Neumann coefficients as 
given by [52] . These formulas involve quite a lot of notation and new special functions r M (z) 
introduced by LSNS, whose properties and definitions we recall in Appendix [B] We also pass 
here to rapidity variables instead of integer mode numbers and introduce some modifications 
of the special functions - which we denote by r^(0) - which are more convenient for our 
purposes. 

Recall from Section 3 that the Neumann coefficients in the cosine-basis have the structure 


N rs = p 

mn r 


mn 


a s u r m + a r u* 


-NLNZ 


(5.1) 


where we focused on the dependence on the quantization numbers n, m and put the rest into 
the normalization constant p. The Neumann vectors N ,^ are defined in terms of the function 
A r ) 

Jrn as 


N r 



U r m + ay A 
a r m 



(5.2) 


The Neumann matrix above is related to the cosine basis. The coefficients for the sine basis 
can be obtained as 


N r 


uj m — a r p, l o n — a s pi 


n: 


m 


n 


(5.3) 


The Neumann coefficients in the exponential basis relevant for our considerations follow 

(5.4) 


through (3.14) 


N rs = _ i _|_ 

mn 2 


oo' m - a r p, u a n - a s fi 


m 


n 


n: 


As we explained earlier, the rapidity parametrization considerably simplifies the formulas. 
Thus we express and the mode number m in terms of the rapidity 9 m as: 


u r m = \J m 2 + ajp 2 = a r | /i cosh 0 rn 


m = \a r \pLsmh.9 m (5.5) 


In the following we introduce formulas, which are valid for any signs of a r . However, the 
expressions will depend on this sign, which we denote by sgn r . Using the formulas above we 
get 


u r m - a r p u: s n - a s p 
7Ti n 



(5.6) 
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and the general Neumann matrix can be written as: 


N r S _ p /i sinh 9 m sinh 9 r 


2 sgn s cosh 9 rn + sgn r cosh 9 n a s a r 


/ n \ -sgn r 

1 + ( tanh 


f n \ -sgn s 
( tanh -A 


(5.7) 


X 


cosh 6 m /cosh 0 n (r) (s) 
sinh 6m V sinh 9j m Jn 


Let us spell out the details in the three distinct cases. For a 3 = -1 we have 


N 33 = -p 

mn r 


S 3 \9 m )S 3 \9 r , 


cosh \{9 m -9 n ) 
while for the other cases with i — 1,2 


= -v^tah (5-8) 


T 3i _ AT i3 _ J {3 \0 m )d^\9 n ) ^(i) (^) = VR CQsh On I COsh^ 


N 3i = N i3 = -o -— 

mn nm r • i 1 


sinh \{9 m - 9 n ) 


Cti 


2 V sinh 9 


n 


N ij = p 

mn r 


S%9 m )Si\9 n ) 
cosh \(9 m - 9 n ) 


hj = 1 , 2 


(5.9) 


(5.10) 


The S r \9) are closely related to the Neumann vectors, but are more convenient in the 
following. We now analyze the expressions d <yT \9) one by one by starting with d <y3 \9). We 
recall from [52J t hatful 


(5.11) 


3 ) y/m . , ,e T °^ r Ato , 1 (mai)r AtQ , 2 (ma 2 ) , 

/i j = — sm mia 2 -*- ^ \ --M(0 + ) 

7T ' 


0;“ 




where 

r 0 = cci log a\ + ct 2 log a 2 = cti log pa?! + a 2 log /ia 2 — log /i (5-12) 

and r M (z) is defined in Appendix B. We move e To, 'M(0 + ) to p, as it appears in all / coeffi¬ 
cients. Using the renormalized deformed functions introduced in Appendix B, together 
with the rapidity parametrization, we obtain 


d {3 \9 m ) = 


sinh ^ sin(//7ra 2 sinh 9 rn ) f /ta , (0m)f^ a (0 m ) 


7Ta/COS ll f At (0, 

After a similar manipulation on d^ l >(9) for i = 1, 2 we can turn 

_ t o(m+^al) -p / n \ 


(5.13) 


f(i) — £_ 

A n 


" a,: 


u.iv^ aia2 r„„(af)r„ 1(l (affi) 


M(0 + ) 


(5.14) 


14 There is also an extra factor (—l) m+1 for rfO) which we choose to be 1 to unify the notation for d 0) 
and d^\ 
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with uj z = y/z 2 + n 2 into the expression 


d (l \e n ) = 


r,(o n ) 


2/i A /a^a 1 a 2 \/cosh 9 n sinli f f„„( 0 „)f„,„(«„) 


(5.15) 


These expressions together with equations (5.8)-(5.10) provide the exact finite L* expressions 
for the Neumann coefficients. 


5.2 The decompactification limit of the LSNS formulas and their 
analyticity properties 

In order to make contact with the SFT vertex axioms introduced in section |4| let us take the 
same decompactification limit, in which we send L 3 , L 2 —> 00 and keep L\ = L 3 — L 2 finite. 
Moreover we will also keep the mass of the scalar field and the particle rapidities fixed. This 
entails sending also p and the integer mode number m to 00 , such that 

^ = M = M sinh 9 (5.16) 

are kept fixed. In this limit 

cxi = — 1 - —* 0 ; ct 2 —y 1 (5-17) 

L3 

while the quantities 

MLi pLi ML\ sinh 6 

= - ; m 3 a 1 =-=-= ^ctismhti (5.18) 

27T 27T 27T 


stay finite. In the following formulas we will drop the subscript in Li and use the notation 
L = Li as in the SFT vertex axioms of section [4j 

The key quantities appearing in the Neumann coefficient formulas (5.8)-(5.10) now have 
the following finite decompactihed limitj^j 


d^(9) 


sinh | sin ^ 
7 T \J cosh 6 


■ f ml (9) ■ e 2npL 

2tt 


(5.19) 


and 

S 2 \9) = -^- e^ pL (5.20) 

ML a/ cosh 9 sinh § T ml (9) 

where here and from now on p = M sinh 0. We must still address, however, one minor detail. 
In the decompactihed case, the external states are conventionally normalized to a Dirac delta 
function in rapidities, while the finite volume mode states are normalized to Kronecker deltas 

15 We choose again the factor (—l) m+1 to be 1. 
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in mode numbers. So we have to factor out the 1 j\J cosh 9 term: 
yields finally the decompactihed expressions in the natural 


into the Jacobian. This 
infinite volume normalization: 


d {3 \9) 

S 2 \e) 


pL smh | ~ 

— sin — • -- • T ml 

2 7T 2^ 


(9)-e 




7T 


ML sinli 


r ml 

2tt 


( 0 ) 


e ^ pL 


(5.21) 

(5.22) 


It is important to note that the above expressions contain an infinite set of exponential 
wrapping corrections w.r.t. the size of the string #1, i.e. terms of the form e~ nML . Later we 
will describe the asymptotic limit defined by neglecting these exponential corrections which 
turns out to be surprisingly subtle. 

In appendix [A] we will directly formulate the continuity conditions for the decompactihed 
SFT v ertex for the massive free scalar and check that the above limit of the LSNS expression 
(5.21) is indeed a solution. This is important to make sure that the puzzling terms like sin ^ 


appearing in the Neumann coefficients indeed exist directly for the decompactihed vertex 
and do not arise from some unknown subtlety in finite volume reduction. 


We can now verify that the decompactihed Neumann coefficients, defined through (5.8) 


(5.10) in terms of (5.21)-(5.22) satisfy the SFT vertex axioms of section 4 In the present 


case the symmetry (4.6) is satished trivially and we are left with checking the monodromy 


(4.7), crossing (4.3)-(4.4) and the kinematical singularity axioms (4.8). 


The monodromy property is seen to be easily implemented in terms of the last factor 
as Tml(9) is 27ri-periodic. Note that the additional signs generated by sinli 0 


by signs coming from the denominators of (5.8)-(5.10). 


in (5.21 
cancelec 

Using the crossing property of the deformed gamma functions 

pL 27r 2 

T ml (9 + in) sinh 9 sin — = — -- 

2 - 2 r ml [9)ML 

one can see the crossing relation between d^ and d! 2 ' 1 is 

d {3 \9 ± in) = T ie ±ip{e ^d^ 2 \9) 


get 


(5.23) 


(5.24) 


Inserting this into (5.8)-(5.10) we get in particular the crossing properties 


N 32 {9, 9’) = e^'UAjv 33 ^, 9’ - in) N 22 (9 , 9’) = ^ ^ (5.25) 


Finally let us consider the kinematical singularity axiom (4.8) for N 33 (9, 9'). It is seen to 
be satished using the property 


d {3 \9 + in)d^ 3 \9) = 


2 ML 


(1 - e ipL ) 


(5.26) 


16 Since in any case we are not controlling the overall normalization here, we absorb any remaining 1 /\[M 
factors in the normalization p. 
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An analogous property for N 22 (9,9') follows from 




(5.27) 


Let us note some important features of the analytical properties of the (decompactihed) 
Neumann coefficients in the complex rapidity plane. A notable feature of the functional 


equations (5.26) and (5.27) is that they are (almost) identical, while the explicit solutions 
(5.21) and (5.22) are clearly quite different. The difference lies in the location of zeroes in 


the physical strip. Due to the factor sin all the zeroes of S 3 \9) lie on the line of real 9 1 s, 
while in the case of S 2 \9), they lie on the line Am(9) = n. This directly carries over to the 
different location of zeroes in the Neumann coefficients N rs (9,9'). Note that the physical 
difference between strings ^2 and ^3 is that string ^2 is accompanied by the emission of 
string $T. Thus the Neumann coefficient of string #3 vanishes exactly at the rapidities 
which are allowed by the asymptotic BA equations for the finite size string #1. We do not 
have currently a physical understanding of this property but expect similar features to occur 
for the generic interacting case. 


5.3 Asymptotic limit 


Let us now describe the asymptotic large L limit of the (decompa ctihed ) Ne uman n coeffi¬ 
cients or equivalently of the elementary d^ r ’{9) functions defined in (5.21) and (5.22). Recall 
that L is the size of the third finite string, and the asymptotic limit is defined by neglect¬ 
ing all exponential e~ AIL corrections. Since this corresponds exactly to neglecting wrapping 
corrections, such a limit is of chief interest for the subsequent reconstruction of the finite 
volume SFT vertex, which we describe in section [7J and for potential applications to OPE 
coefficients in J\T = 4 SYM theory. Incidentally, this was also exactly the relevant limit used 
when comparing pp-wave SFT vertex with perturbative OPE coefficients of BMN operators. 

To this end, let us quote the large ML asymptotics (B.10) of Tml(9) which follows from 

2 7T 

the properties derived in the LSNS paper 


r ml 

2n 


( 0 ) 


27r 2 e^ pL 
~ML sinh f 


(5.28) 


It is extremely important to emphasize that the above formula holds only on an open subset 
|9?m(0)| < 7 T. In particular, it does not hold on the ‘crossing line’ 5sm(9) = n. A very 
intriguing feature of the above expression is that it has a monodromy when 9^9 + 2tt i 
which is in apparent contradiction with the 2ni periodicity of Tml(9). Of course, there is 

2 7T 

no real contradiction due to the fact that this asymptotic formula breaks down on the line 
Am(9) = 7T. 

The above mentioned apparent monodromy has, however, very important consequences 
for the behaviour of the asymptotic Neumann coefficients. It cancels exactly the explicit 
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monodromies in (5.21) and (5.22) and one obtains 


d (3) (0) 

d [2 \d) 


asympt - \j M L 


1 

asympt TMz 



(5.29) 

(5.30) 


This leads to the following asymptotic Neumann coefficient^] (valid for |3fm(0)| < n and 
|9 : m(6 ), )| < 7r): 


N 33 (9,9') asympt 

N 32 (9,d') asympt 

N 22 (9,e') asympt 


2 sin ^ sin Ky 1 
~ ML cosh ?=f 

1 sin f 
ML sinh e -=f 
1 1 
2 ML cosh e -=f 


(5.31) 

(5.32) 

(5.33) 


Despite the simplicity of the above expressions, one should keep in mind that they are in 
fact equivalent to the all order l//r formulas in the pp-wave SFT vertex. 

The asymptotic expressions (5.31)-(5.33) are quite intriguing. Firstly, we loose the non¬ 
trivial monodromy of the exact formulas (5.21) and (5.22) and obtain simple antiperiodic 
functions. We believe that this property may be necessary in the general case for solving 
the consistency equation (7.7) when using the decompactihed formulas for constructing the 
finite volume SFT vertex up to wrapping corrections. Secondly, if we were to extend the 
above asymptotic formulas by analytical continuation to the whole complex plane, the kine- 
matical singularity axiom and crossing property would be modified. The case of this effective 
asymptotic crossing is particularly intriguing as we get e.g. 


N 33 (9, 9' - m)asympt 


-2 i sin 1 ^-N 32 (9, 9') asympt 


(5.34) 


which bears quite striking resemblance to the recently discovered modifications of crossing 
in Chern-Simons theories mm- 

We do not want to make here any statement about the effective asymptotic crossing 
and kinematical axioms in the general interacting case and leave this problem for future 
investigation. 


5.4 Reconstruction of 1^(0) from the SFT axioms 

In the final part of this section, let us see how to reconstruct the known LSNS solution 
directly from solving the SFT vertex axioms of section |4j Firstly, we will see that obtaining 
the solution in this way is very simple, and definitely much simpler than the direct approach 

17 Recall that we factor out some constant normalization. 
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of pxJJ and [52!. Secondly, we will see that by themselves, the functional equations are not 
restrictive enough and one needs additional input about the analytical structure, in particular 
the location of zeroes, in order to fix the solution. 

Let us concentrate on the N 33 (9,9') Neumann coefficient which is equal to our function 
with vacuum on string #1 (i.e. • = 0 here). The functional equations in this 

case read 


n 0;L (M') = n 0 , l (M) 

N 0 , l (0 + 2m, 9’) = e~ ipL N 0 , L (9, 9') 

N 0>L (e + in + e,6) = -(l- e ipL )N 0 , L + O (e°) 


(5.35) 

(5.36) 

(5.37) 


and we take N 0i £ with no arguments to be equal to 1 (i.e. we normalize the answer w.r.t. 
taking the amplitude with vacuum on all three strings). We further assume that the large 
real 9 asymptotics of the solution is bounded. 

It is convenient to solve first the monodromy axiom by factoring out 


-^pL-Lp’l 


(5.38) 


from N 0 : l(9,9') = N 33 (9,9'). Also we may implement the kinematical singularity by intro¬ 
ducing a denominator e e + e 6 , i.e. 


N 33 (9,9') = 


e -lP L ~ip' L 


Q(9,9’) 


(5.39) 


e e + e e ' 

The kinematical singularity axiom implies the following functional equation for Q{9,9')\ 

Q(9 + in, 9)ie~ e = e ~ ip £ - e ip £ (5.40) 

Let us introduce a simple factorizable ansatz for Q{9,9')\ 

2 h{9) 2 h{9') 


Q{0,9') = 


1 + e~ e 1 + e 


-O' 


Then we have 


h(9)h(9 + in) = — sinh 9 sin 


(5.41) 


(5.42) 


We recover thus the functional equation for 1/Y ml{9) up to a normalization factor. It is 

2 7T 

nevertheless instructive to try to solve this directly in order to rederive the special function 
Y), and also to understand its space of solutions. In particular, we can verify directly that 


--oc sinh 9 sin — ■ f ml (9) 

YML(9 + in ) 2 


(5.43) 


is also a solution (up to an appropriate overall constant). 
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We can rewrite the functional equation (5.42) as 


h{p)h{—p) = —ps'm^— 

and expand the sine into an infinite product sin7rz = nz\^ =l 
solution in terms of a product of elementary solutions solving 


1 — 2 - 

n 2 


Hp)H-p) = (l - J^) 


(5.44) 
We can hnd a 

(5.45) 


The right hand side has two zeroes and a-priori we are free to distribute them either into 
the first or second factor on the left hand side or into both of them. This corresponds to the 
choice whether the zeroes lie on the line S m{9 ) = 0 or ^sm(6) = n. From the exact LSNS 


solution for N 33 (9, 9') discussed in section 5.2, we see that both zeroes should be on the real 
line. The simplest and most obvious solution f(9) — 1 — pL /(27m) does not provide the right 
location of zeroes as it leads to zeroes lying on both of the two lines and we need a slightly 
more involved factorization: 


'M 2 + 


47T% 2 

L 2 



M 2 + 


An 2 n 2 

L 2 


E{9 + in) = 


47r 2 n 2 


p 


(5.46) 


where E(9) = M coshd. We are now free to include either of the two factors into f{9) and 
consequently into h{9). If we choose the right hand factors for all n, the solution will not have 
zeroes on the real line. The consistent choice of the left hand factor would conversely ensure 


that all the zeroes lie on the real axis — this choice will lead to the second solution (5.43) 
relevant for N 33 (9 , 9'). However, we could have made different choices for any n constructing 


many (nonphysical) solutions of (5.42). This shows that the assumptions on the location of 
zeroes are of crucial importance. 

Introducing appropriate exponential factors for convergence leads to the infinite product 
representation of the T M (0) following from the formulas in Appendix B. 


6 Axioms for the nondiagonal case 

In this section we formulate axioms for the SFT vertex in the case when the integrable 
worldsheet theory contain particles of different types: additionally to the rapidity, 9, the 
particles are characterized also by their particle type: i. In general, the scattering matrix is 
non-diagonal, but due to integrability, the multiparticle scatterings factorize into two particle 
scatterings, and the S-matrix satisfies crossing symmetry: 

Sfj(9 u 9 2 ) = C k ~ k S%(9 2 , 9 ! - in)C- u = C lI sf(9 2 + in, 9 1 )C ]j (6.1) 

where C tJ is the charge conjugation matrix and its inverse is CP k : CijC^ k = 8 k . The crossing 
transformation connects anti-particles in the initial states to particles in the final state and 
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Figure 11: Crossing transformation of the scattering matrix. 


vica versa. The graphical representation of the crossing symmetry of the scattering matrix 


is demonstrated on Figure 11 


The decompactihed SFT vertex, additionally to the rapidities, depends also on the types 
of the particles which we denote as 



/V 


( 6 . 2 ) 


where 9±,... ,9 n are the rapidities of the initial state in domain ^3 with particle content 
ii,..., i n , while the final state, in domain #2, has rapidities 9[ ,..., 9' m and particle content 
. The placement of the indices and their orderings reflect the geometry of the 
amplitude as shown on Figure [l2j 


0 m ■ 0 2 0 i 



Figure 12: SFT vertex in the generic case. The initial state contains particles with rapidities 
9 1 ,..., 9 n and particle content while the final state, has rapidities 9 [,..., 9' m and 

particle content i[,... ,i' m . 


By keeping the previous convention we distribute the space discontinuity equally on the 
border of domains ^3 and #2. The space deficiency has no effect on the particles type so 
the generalized crossing relations take the form 



= e i P (e' 1 )L/2 N 3\2 (0i , _ 


nr\9' 2 ,. 



(6.3) 
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Figure 13: Graphical representation of the crossing transformation in the nondiagonal case. 
Crossing a particle from outgoing to incoming comes with a charge conjugation matrix, which 
replaces the particle with its antiparticle. 


valid if the incoming and outgoing particle states have no overlaps, as otherwise singularities 
can appear. We explain later these disconnected terms, which are related to amplitudes with 
less particles. By crossing all particles into the initial state we can define the elementary 
SFT vertex 


A) 





■ ■ , On\0)h,...,i , 


(6.5) 


which we represent graphically on Figure 14 



Figure 14: The elementary SFT vertex in the generic case. 

This elementary SFT vertex satisfies several axioms. The permutation axiom expresses 
that exchanging two particles comes with an S-matrix factor: 

■ ■ ■ i^ji Qj+h ■ ■ ■ > ~ ifiji • • • > @j+ 1 ; @j, ■ ■ ■ , 

( 6 . 6 ) 
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Figure 15: Permutation axiom for the SFT vertex. Exchanging two neighbouring particles 
introduces an S-matrix factor. 


Graphically it takes the form shown on Figure [15] By crossing the leftmost incoming particle 
to an outgoing antiparticle and crossing back again to the rightmost particle we obtain the 
monodromy property 


N., l {9 i 


, 0 n ) iu ... )in = e~ ip ^ )L N 9>L (9 2 ,..., 9 n , 9, - 2m) 


22,...,*n,*l 


(6.7) 


which is shown on Figure 16 




Figure 16: Monodromy property for the generic SFT vertex. 


The crossing relation is valid if none of the incoming particles coincides with any of the 
outgoing particles. Otherwise, the amplitude is singular, but the residue of the pole is related 
to an onshcll propagation of the particle passing the reduced amplitude on both sides: 


- iReso'=eN. tL (9' + m, 9, 9i ,..., 0 n )i jM 


X.,l(0u ■ ■ ■ J ®n)hy;jn 


( 6 . 8 ) 


This axiom is called the kinematical singularity axioms, which connects the amplitude with 
2 particles to an amplitude with n particles. This process is indicated on Figure 17 


n 


Singularities of the SFT vertex always correspond to some kinematically allowed onshcll 
propagation of the particles. If, for example, two particles with labels i and j, with rapidities 
9 — iv and 9 + iu, can form a boundstate of type k with rapidity 9 , then the SFT vertex is 
singular and its residue is related to the SFT vertex of the boundstate as 


iRese’=eN., L (9' - iv, 9 + iv, 9 1 ,..., 9 n ) 


Wl 


= r£jv. )L (0,0 1 ,...,0 n ) fc 


)Jli •••ijn 


(6.9) 
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Figure 17: Kinematical singularity axiom for the generic SFT vertex. 


where Th is the strength of the coupling, which is related to the residue of the pole in the 
scattering matrix 


- iRes e , =e S%(e' + iu,9- iu) = T™ 


( 6 . 10 ) 


This singularity axiom is called the dynamical singularity axiom and is represented graphi¬ 
cally on Figure 18 Generally, for any onshcll propagation we have a singularity of the SFT 




Figure 18: Dynamical singularity axiom for the SFT vertex. 

vertex. This is similar to how the singularities of the scattering matrix can be explained by 
Coleman-Thun diagrams. 

In formulating the nondiagonal SFT vertex axioms we used rapidity parametrizations 9 , 
with crossing transformations 6 —>■ 9 ± in, but we did not assume any relativistic invariance 
for the scattering matrix. The generalizations of these formulas for the AdS/CFT integrable 
model can be obtained by using its rapidity parametrizations 9 —>■ z and its crossing trans¬ 
formations z —> ±(u. These axioms are very similar to the form factor axioms for world-sheet 
operators, sa. except the factor e ipL appearing in the monodromy/periodicity equations. 


7 The program for the finite volume string vertex 


Let us now formulate our program for the general finite volume string held theory vertex 
up to wrapping corrections. As explained before, we do not expect a-priori an exponential 
form of the vertex expressed in terms of some generalized Neumann coefficients 18 so what 


18 Although a-posteriori a generalization might exist in analogy to similar structures for boundary states 
in integrable relativistic QFT’s |27j. 
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Figure 19: The program for obtaining the finite volume string field theory vertex up to 
wrapping corrections. 


we are after is a general amplitude with any prescribed multiparticle state on each string. 
In the limit that we are considering, i.e. neglecting wrapping corrections, these states will 
be parametrized by momenta solving Asymptotic Bethe Ansatz equations for each string 
individual!}}^} We thus want to determine 


N 


312:1 
L3\Lo 


■M ({pf} I {pf}; {pi 11 }) 


(7.1) 


where we explicitly indicated the sizes of the respective strings. 

Our program consists of first solving the SFT functional equations derived in section [| 
for the two distinct decompactified versions of (|7.1 ), namely 


N' 


3|2 




{pf} 


(pf) 


and 


N' 


3|1 

{p- 2, }T 2 


{pf 1 } I {pf}) 


(7.2) 


(7.3) 


It is important to note that in (7.2), the momenta {p\ } and {pj } are assumed to be 
unconstrained and that the relevant SFT axioms involve explicitly only these momenta. 
There is no dependence in these axioms on the {pj,! 1 }, however there is certainly a huge 
freedom in the choice of a particular solution which may depend on the {pj! }. This is in 
direct analogy to the case of form factors where the axioms do not depend on the particular 
choice of local operator. They allow, however, for many solutions associated to different 
choices of local operators. In the SFT vertex case we will soon show how to strongly constrain 
this dependence. 


19 And of course the standard additional Bethe roots associated to nesting. In the following, for brevity, 
we just explicitly indicate only the momenta. 
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/o\ 

Similarly, in the case of (7.3), the axioms involve explicitly only momenta {p\ } and 


}, an d the particular solutions should a-priori depend on the {pp } this time. 

Our main point is now that performing finite volume reduction from (7.2) and ( |7.3[) should 
yield exactly the same expression, which will be the original quantity of interest ( |7.1[ ). 

Since we are working only up to wrapping corrections, we should neglecl|^] wrapping 
corrections (w.r.t. respectively Li and L 2 ) in the decompactihed solutions ( |7.2[ ) and (7.3). 
We denote the resulting asymptotic solutions with a subscript a sym P t e.g. 


N 


3|2 

(Pfc 1) ITi 


fe (3) } {Pf}) 

J A 


asympt 


(7.4) 


This is the direct counterpart of the asymptotic formulas of section |5.3| which were given 
for the case of the massive free boson (the pp-wave case). Note that these expressions will 
typically still have some oscillatory L 12 dependence in factors like sin p 1 . Now again up to 
wrapping corrections, the finite volume reduction should just amount to multiplying by the 
same factors as for finite volume form factors. We thus get (up to wrapping corrections) 

V 1 '-- 1 


n 3|2;1 

Ls\L2;Li 


{pf} 


{pf}; {pf}) = 


TNT 3|2 1 
a fp3P2 hN }’ L 1 


{pf 1 } {pf} 


( 2 )' 


asympt 


(7.5) 


where p is the same factor as in (2.8), involving the Gaudin norm together with a product 


of S-matrices. It is important to note, that we could have equally well obtained the same 
expression from the second decompactihcation 

1 


N' 


3 | 2 ; 1 


{pf} {pf }; {pf }) = 


d 2 L 


dW 


N 


3|1 

{p[ 2) }, L 2 


{pf’} {pf} 


( 1 )- 


/asympt 

The consistency of these two expressions provides for us the key final equation 


—N 3 ' 2 
yfpi L 3 * 


{pf’} {pf}) 

J A 


asympt 


—N 3 ' 1 


{pf’} {pf}) 

A 


asympt 


(7.6) 


(7.7) 


which should very s tron gly constrain the {p[,' ^ [-dependent choice of particular solution of 
the SFT axioms for (7.2) and the {pp [-dependent choice of solution of the SFT axioms for 


(7.3). The resulting expression yields the final finite volume amplitude (7.1). We illustrate 


pictorially this strategy in figure 19 


7.1 The program for the simplest plane wave SFT vertex 


Let us see how to implement the program above for the simplest pp-wave SFT vertex, namely 
for the asymptotic value of N 33 (9, 9 '), which is denoted by 

N T/l 2M (^P'1 0 i 0 ) asympt ( 7 ‘ 8 ) 

20 It is possible that keeping the full decompactihed solution in the following steps will yield lot of informa¬ 
tion on some wrapping corrections for the OPE coefficients. However then the matching of the finite volume 
reductions might require some care. We leave this possibility for future investigation. 
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We use the previously calculated results but put into the context of the general program. 

As a first step we decompactify L 2 and L 3 and determine N^ Li (6, 6'\0) from our axioms 
as 


n 2 ,l 1 (M , | 0 ) = n(Li)sin 


pLi__P'L i sinhfsinhf - ~ -±( P e +P 'e') 

— 2 -TT7h-777 ■ i mli y ) • e ^ 

7T Z cosh — O') 2 tt 


Sill ; 


(7.9) 

where n(Li) is a normalization factor depending on the state in the finite string #1. 

In the next step we take the L\ —» 00 limit and neglect all exponentially small, e~ mLl 
corrections: 


N^ Ll {6, Q'\ 0 )asympt = n{Li) si 


sin 


pLi . P'Li 


sm 


(7.10) 


2 2 cosh1(9-0') 

Now we repeat the same calculations for L 2 . We decompactify Ln and L 3 and solve the 
functional equations for N 0 \ L fi9,6'\0). The result is the same as (7.9) but Li is exchanged 
with L 2 ■ After taking the L 2 —> 00 limit and neglecting wrapping corrections we obtain the 
asymptotic form: 


8'\ 0 )asympt = n(L 2 ) SU1 


pL 2 . p'L 2 


Sill 


(7.11) 


2 2 cosh |(9-S') 

Using that there are no particles in strings #1 and #2, thus pi = P 2 = 1, we demand that 

(7.12) 


,, , • P L i . p‘L 1 
n(Li) sm-sm 


2 cosh 1(6-6') 


(T , . pLi . p'L 2 
= n(L 2 ) sm —— sm 


2 cosh 1(6-6') 


Recall that L 3 = Li + L 2 and that both p and 7 / satisfy the asymptotic BA equations 
e ipLi = x = e w l 3 together with the level matching condition p = — p'. This implies that 

. ph . p'L\ . p(L 3 -L 2 ) . p\L 3 -L 2 ) . pL 2 . p'L 2 f . 

sm-sm-= sm-sm-= sm-sm- 7. id 

2 2 2 2 2 2 

and we are forced to take n(L 1 ) = n(L 2 ) = n. The asymptotic SFT vertex is then 

1 


} T (p,p'\0;0) = —-— Nf r (9,6'\0) asvmvt = —= = U ^ 2 . 2 X 

L 3 \L 2 , Ll \ / asympt \ COsh § (9 - 6') 

(7-14) 

where we used that p\ = 1 ; p 3 = M 2 L\ cosh 9 cosh 9' and absorved 1/ML\ into the nor¬ 
malization n'. Clearly this answer agrees with the asymptotic form of the relevant pp-wave 
finite volume Neumann coefficient. 


sin sin 


8 Weak coupling cross-checks with OPE coefficients 

In this section we comment on how the kinematical singularity axiom is satisfied at weak 
coupling directly for the OPE coefficient. More details can be found in Appendix C. We 
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investigate the 3-point functions in the sw(l|l) and su( 2) sectors up to 1-loop based on 
the available explicit results obtained from direct gauge theory calculations in [57, [58]. As 
we do not know the exact relation between the 3-point functions and the SFT vertex we 
neglect the proper infinite volume normalization factors and check the axioms only up to 
some proportionality factor. 

Even this comparision is not straightforward in two respects: Firstly, at weak coupling 
the kinematical domains of the crossed amplitudes are infinitely far from each other and 
no longer connected analytically. Secondly, the weak coupling results were calculated for 
operators of finite sizes (Li), however our axioms are valid when two volumes (L 3 and L 2 ) 
were sent to infinity by keeping the third volume (Li = L 3 — L 2 ) finite. 

We can circumvent these problems: first, by formulating the kinematical singularity 
axioms directly for the crossed process, that is, when we have the same type of particles in 
the initial state (operator O3) and in the final state (operator O 2 ), and second, by taking 
a careful limit of the finite volume formulas. To spell out the details let us denote the 
momenta of the initial state by p) ; and those of the final state by p\ . The reformulation of 
the kinematical singularity axiom into this setting means that the OPE coefficient Ci2z({p)) 
must have a pole whenever pn ^ = pin with the residue 

n 2 n 3 

- i Res Oias (M) OC (1 - e^^YlSipf ^^Ylsip^ ,P ( ^)) x 

3 k 

Cm({p} \ {p< 3) ,pg>}) (8.1) 

where S(pi,p 2 ) is the scattering matrix, which we choose to be diagonal. This motivates us 
to analyze the su( 2 ) and sw(l|l) closed diagonal subsectors of the theory. Observe that by 
sending L 3 and L 2 to infinity we went off-shell with the momenta, which is crucial to have 
the singularity. For finite L 3 and L 2 volumes the BA equations 

e ip ^ Lz \\ S(p^\pf) ; e^ )i2 Yl S(p$ ,pf) = 1 (8.2) 

j:j^n k:k^m 

kill the singularity. Let us emphasize that the power of the clear analytical properties shows 
up only in the infinite volume limit. 

In the following we explain how to extract the infinite volume limit of the 3-point functions 
in the sw(l|l) and su( 2) cases. In both cases the explicit volume (L 2 or L 3 ) dependence comes 
from a term of the form 

n 2 

1 _ J] Sfpf.p?) (8.3) 

which prevents us to take the L 2 —y 00 limit. The idea is to use the Bethe Ansatz equation 
for pn' 1 to replace the expression above with 

n 2 1 v 3 

! - e ip " 3) Ll S (pf , pi 3) ) IJ S (p^ ] ,pf) (8.4) 

3 k 
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where L\ = L 3 — Lo is kept finite in the required limit, which now exists. Using this procedure 
and some renormalization of the states we obtained the infinite volume 3-point function in 
the two sectors as follows. 


The sw(l|l) sector 

The infinite volume limit of the OPE coefficient^] in the sw(l|l) sector up to 1-loop takes 
the form: 


Ci 23 ({p}) oc 


non 'y(k r) ,4 r) 


n 


n 3 


ii m 


(3) „(2) 



n 2 


n 3 


1 — e v 




(8.5) 


where the momenta p ® and p^ no longer satisfy any quantization condition, S denotes the 
scattering matrix in the sw(l|l) sector and / is a known function, (displayed in Appendix C), 
whose explicit form is not relevant for us now, except that it vanishes at coinciding arguments. 

In order to check the kinematical residue axiom at p^ = p ‘p we calculate 

-iRes ( 3 ) ( 2)Ci2 3 ({p}) 

- ,,, ,oi ( 8 . 6 ) 

Cl23({?} \ tf’.pf }) 

The prefactor containing / provides the required pole and its remaining part nicely cancels 
in the ratio. The product for l not agreeing with k contains two extra terms in the numerator 
compared to the same term in the denominator, however they cancel by the unitarity of the 
scattering matrix. The l = fc’th factor in the product exactly reproduces the term required 
by the kinematical singularity axiom. More details are given in Appendix C. 


The su( 2) sector 

Here we explain the kinematical residue axioms at the tree level for the su( 2) 3-pointfunction. 
The 1-loop calculation is relegated to Appendix C. It is convenient to parametrize the mo¬ 
menta by the rapidities, p(u), in terms of which the infinite volume limit of the 3-point 
function takes the form 


n w 2 Q iA) (Uj ] ) T-rV3 / (3) _ j\jVi 

ff?=l H.j=l\ u j 2/ 

Ci 2 3 ({m}) °C= n ( 3 ) (3) • \ / (2) (2) .s D 

Uj<k( u ) - K + v n j<k ( u j - k - o 

where ZA 0:1 ] is given by an N 3 x (N 2 + Afi) determinant 


D l 0 ’ 1] = 


9 u B,r(3)(«f>) . 

•• 9j»TW{u%l) 

<?2 (u?) . . 

• Qn^u?) 

Qn x +i 1 

(<4 3) 

u n 3 

n 3 

Q2(u Nl ) ■■ 

■ Qn^u^I) 

Qm+i 1 

(“S 


^More precisely of its complex conjugate w.r.t. the form written in E3- 


(8.7) 


( 8 . 8 ) 
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and we used Baxter’s Q-function: 


Ni 

= II(“ ~ u f) (8.9) 

3 =1 

The derivative of the transfer matrix can be written in terms of the su( 2) scattering matrix 
as 


5o,r |3 >(« 


( 2 )> 


e ip(uf ] )L 3 


Q^(uf^ + i) 


(2) (3) (2) (3) . • 

Uj - U\ llj - U k ' +1 




( 2 )> 


X 


e ip(uf ) )L 1 


n s (" (2) 

m:m^j 


^ j 


( 2 ) 


n«< 

l:l^k 


uf,U?) 


In this formula it is legitimate to send L 3 and L 2 to infinity and keep L 1 = L 3 — L 2 finite such 
that the rapidities no longer satisfy the BA equations. As a consequence, the expression is 
singular for u^ and we can calculate its residue to check the kinematical singularity 

axiom. One non-trivial requirement is that the result should be proportional to the 3- 
pointfunction with two particles less, when Uj = u k were removed. Clearly the overall 
factors, which depend only on the particles factor out. The only singularity at 
comes from the matrix element d ( 3 )T^(uf^). When we expand the determinant wrt. this 
element the sub determinant is nothing but the determinant, which appears in the reduced 
3-point functions and the prefactor is exactly the required one: 


—iRes ( 2 ) ( 3 )Ci 2 3 ({«}) 

_ j k _ 

Cl2 3 ({u} \ {uf } ,4 3) }) 


l _ e w{uf ] )Li 


n s ( u 


(2) u <2) 


m:m^j 


n s < 


u 


(2) 


( 8 . 10 ) 


Finally, let us mention that the su( 2) OPE coefficients exhibit also the bound state pole 
singularities required by the dynamical singularity axiom. 


9 Conclusions 

In the paper we developed a new framework to determine the (light cone) SFT vertex for 
integrable worldsheet theories, including as a key special case the AdS 5 x S 5 background. 

Our main idea was to use the integrable bootstrap approach to formulate functional rela¬ 
tions for the SFT amplitudes incorporating crossing properties and including the scattering 
matrix of the theory. To achieve this aim we decompactified the worldsheet of the process 
in which one big string (big J-charge) splits into two smaller ones in two alternative ways. 
By sending to infinity the sizes of the big string together with any of the other smaller 
strings allowed to define asymptotic states. The remaining finite string served as a nonlocal 
operator insertion appearing in the crossing equation in a nontrivial way. The solutions of 
these functional equations contain exponentially small (wrapping) corrections in the finite 
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string size. After carefully getting rid of these wrapping corrections and applying a straight¬ 
forward finite size reductions in all of the string sizes we would arrive at a formula valid 
for any coupling, which incorporates all finite size corrections which are polynomial in the 
inverse powers of the sizes, but neglects exponentially small corrections. The fact that we 
can perform this finite size reduction procedure in two different ways, by starting with a 
finite size for any of the two small strings, gives very strong restrictions for the solutions of 
the functional relations. 

The feasibility of the program was demostrated by reproducing the results for the pp-wave 
SFT vertex. There, to fix the analytical structure of the solution, we had to assume that 
the amplitude vanishes for those rapidities of the big string, which were the allowed finite 
volume states for the undecompactihed small string. We do not have a physical explanation 
for this property but expect similar features for interactive theories. In the asymptotic limit 
of the SFT vertex we found some effective crossing formulas which bear striking resemblance 
to the recently discovered modification of crossing in Chern-Simons theories. 

Although we do not have control of the overall normalization of the SFT vertex, nor do we 
know the precise general relation between the SFT vertex and OPE coefficients, nevertheless 
we could check some of our diagonal functional equations for the 3-point functions in the 
weak coupling limit of the AdS/CFT correspondence by comparing them to explicit gauge 
theory calculations of the OPE coefficients. 

We also formulated the axioms for the generic non-diagonal case. For simplicity, and for 
being in accordance with the rest of the paper, we used rapidity parametrizations 9, with 
crossing transformations 9 —>■ 9 ± mt, however, we did not assume any relativistic invariance 
for the scattering matrix. The generic formulas for the AdS/CFT integrable model can be 
obtained simply by using its rapidity parametrizations 9 —>■ z and together with its crossing 
transformations z —> z ± CU 2 . These axioms are very similar to the form factor axioms 
for world-sheet operators except the factor e ipL appearing in the monodromy/periodicity 
equations and the kinematical singularity axiom. Thus our axioms for the L — 0 case 
reduces to them. 

An interesting dual line of investigation coming from the weak coupling gauge theory 
side develops the concept of spin vertex J60, |6T, 62] (but see also [12]). One qualitative 
difference between that concept and the functional equations presented in the present paper 
for the SFT amplitude is that in the worldsheet formulation the wavefunctions of the external 
states are in a natural way already incorporated into the SFT amplitude (as it deals with 
multiparticle asymptotic states). On the other hand, the weak coupling approach through 
the spin vertex concentrates on contractions and loops in the interaction region leaving aside 
the scalar product with the external states. 

There are numerous directions for further research. It would be very important to un¬ 
derstand precisely the freedom of choosing a particular solution to the SFT axioms. In 
particular, even in the pp-wave limit, what are the features of the solution incorporating 
the correct prefactor. Of course, the solution to the SFT axioms remains an outstanding 
problem, which is not even solved for the ordinary form factor case i.e. in the L —> 0 limit. 

It would be furthermore important to understand the general relation between the SFT 
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Figure 20: The decompactified string field theory vertex 


vertex and OPE coefficients away from the pp-wave limit (c.f. [1T>, TS] E3]). 

Let us emphasize once more that our approach would ultimately provide formulas for the 
SFT vertex, which are valid for any value of the’t Hooft coupling neglecting wrapping effects. 
But, even these exponentially small finite size effects are expected to be described in terms of 
the asymptotic SFT vertex and the scattering matrix of the theory. Their systematic study 
should also be a direction of future research. 
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A The decompactified vertex formulation and solution 


The elementary exponential modes for the three strings in the decompactified vertex shown 
in figure [20] are 



x G (-L/ 2 , L/ 2 ) 

x G (—00, —L/ 2 ) 
x G (L/ 2 , +00) 
x G (—00, Too) 


(A.l) 


The ‘exponential’ overlap matrices are defined through 



(A.2) 
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For the case at hand, we obtain 


= 2(-l)" 8 inf 

p n L 


_ Xnn 
U L 


Y 2 
^pk 


pL, ( U\ 1 • P L p 

= cos — o{p — k) -sm —-F 1 

2 7T 2 p~ k 


x lk = S(p-k) 


(A.3) 

(A.4) 

(A.5) 


The overlap element for string ^2 was obtained using appropriate e^ £X regularization on the 
two half-lines and the use of 

-= ^iir5(x) + Pi (A.6) 

x ± l£ 

where P stands for the principle value. Since there exist nice factorization properties of the 
Neumann coefficients when expressed in terms of cosine and sine modes, it is convenient to 
define (for cosine modes) 

1 
2 


yr / yr . yr . yr . yr 

A pk ~ o l + A -p/c + A p-A; + A -p-k 


(A.7) 


for positive p and k. As reviewed in section 5.1, the Neumann coefficients for negative 
modes (sine-modes) can be directly obtained from the cosine mode answer. So below we will 
concentrate exclusively on the positive modes only. Using such modes it has been shown in 
[59] that the Neumann coefficients can be expressed as 


N rs = 

nm 


mna 


N r N s 

’ m ± ’ n 


1 — 4 paK a s u r n + a r oj. 


(A.8) 


In order to provide formulas for K and it is customary to introduce quite a lot of notation. 
We would like to adopt similar notation in the present decompactihed case as in the standard 
finite volume case as used in [SH], since we would like to make use of the factorizability proof 
of [59j which is purely algebraic. To this end let us introduce 


C — m S mn or C = p S(p — k) 


(A.9) 


Note that in this appendix the meaning of /i and o r will be different from the usage in the 
pp-wave case. However all algebraic relations employed in the factorizability proof will still 


hold. We will use 22 


H = M 


_ L , , _ L 

(X\ — - 0(2 — 1 O3 — —1 O — O1O2O3 —- 

27T ^ 27T 


(A.10) 


and 


A pk= \l ~ X pk 
U( r ) = C^ 1 (C r — pa r Id) 


C r = 1 JC 2 + /i 2 a 2 

= C~\C r + pa r Id) 


(A.11) 
(A-12) 


2 Note that in this appendix a\ + a-i + 03 7^ 0 . 
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The key object neccessary for finding the Neuman vectors is the infinite matrix 

3 

r + = J2 Ar U(r)A rT (A. 13) 

r =1 


and an infinite vector B (to be defined below). Then we have 

(c-'cjWuzU^y 

V / m 


N r = 

m 


Y = T^B 


K = -B t YAB 
4 + 


(A.14) 
(A.15) 


The proof of factorizability uses the following properties of the overlap matrices defined 
above 


A rT C~ l A s = -—C~ 1 5 rs r,s = 1,2 (A.16) 

OL 3 
3 

^a r A r C“ 1 A rT = -BB t (A.17) 

r =1 ~ 


The last equation defines for us the vector B (which is related to overlaps with a constant 
mode). These formulas seem at first glance to be quite convoluted but essentially reflect just 
the joint completness and mutual orthogonality of modes of strings #1 and #2. 

The matrices A pk in the decompactified case are given by 


i _ 4 T7(-l)>sinf 

“ L\jp 

A * = \fp ( cos Y s(p ~ k) - l 8111 f P 

A 3 rk = S(p- k) 


(A.18) 

(A.19) 
(A.20) 


One can check that indeed these matrices satisfy (A.16) although this is quite involved and 
we performed some checks for parts of the formulas only numerically. The equation (A. 17) 
provides for us the expression for the vector B (which in the decompactified case is in fact 
a function on the positive real line): 


4 _3 pL ,. 

B p = —p ssmy (A.21) 

In the decompactified case that we are considering here, the infinite matrix T + becomes an 
integral kernel and the vector(function) Y is defined through the integral equation 

T +(p,p')Y(p') dp' = yp~^ sin ^ (A.22) 

Lj a 
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It turns out, however, that even getting an explicit form for the kernel T + (p, p') is quite 
involved. 


Using the definition (A. 13) and (A. 17) we get 

3 

r + = '^ j A r C~ 1 C r A 


-In 4 rT _ _ 


r=1 
3 


y ^2 / A r C~ 1 C r A rT + 


AM f _3 . pL\ f . p'L 


r =1 


7 tL 


p 2 Sill 


p z Sill 


Let us now give the contributions of the three strings to the above formula: 

A^C-'CzA^ = -Jp 2 + M 2 5(p-p') 

p 

For string #2 the result is quite messy: 


(A.23) 


(A.24) 




vw 


/ 9 , M , J ,/ /N , 4 . pL . p'LpF(p') — p'F(p) 

VP + M z o{p — p ) + Junk(p,p) H-- sin — sm —--- -k - 

7 T z 2 2 p z — p 


where 


and 


F{jp) = \Jp 1 + M 2 arctanh 


P 


yj P 2 + M 2 


1 ^ ~J~ j 

Junk(p,p') = -vp 2 + M 2 cos — sin-P 2 p + (p <(—)• p') 

7 T 2 2 „/ 2_„2 


(A.25) 
(A.26) 
(A.27) 


The contribution of string #1 involves a nontrivial infinite sum which can be handled using 
the techniques of Appendix E in 


E^-v n2 + 


77.—1 


M 2 L 2 . _ 1 16 

4^2 “ ,/wh 


00 pp' sin ^ sin ^ y n 2 + 


v/pp 7 L 2 “ (p 2 - 4n 2 f|) (p /2 - 4n 2 f|) 


a/pp 7 


7 ,7 /A , 1 . P L ■ P' L n / /\ 4M sin f sin ^ 

— Junk(p,p ) + — sm — sm— & L {p,p )-;— 7 - 

ti z 2 2 TiLpp 


where 


G L {p,P) = ~App 


\/k 2 — M 2 coth 


(A.28) 


(A.29) 


7m (p 2 + /P)(p' +k 2 ) 

When we add all the above ingredients into the form ula for T + , we see that the terms which 
involve cos ^ cancel out as well as the BB T term in (A.23). The final formula for T + is thus 


r+(p,p) = - a/p 2 + M 2 5(p - p') + 


p 


7T 


A/pp 7 


sin ^ sin ^ [G L {p,p ] + G^p.p)] (A.30) 
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and Goofapf) can be evaluated to be 23 


Goc(p,p) = 4 


pF{p') — p'F(p) 

p2 _ pi 2 


(A.31) 


The Neumann vectors are now determined by the equation (A.22). 


Some comments are in order here. We see here the sin ^ factors which eventually make 
their appearance in the Neumann coefficients even in the infinite L limit. These terms thus 
arise directly from the decompactified string vertex and are not associated to some subtlety 
in finite volume reduction. These factors are also quite surprising in that they have a highly 
oscillatory L behaviour. This leads also to the fact that the large L limit of the equation 


(A.22) is quite subtle. Indeed we cannot directly take the large L limit of (A.22) but write 


-Vp 2 + mw 00 (p) + 

P 


2 pL 

— -sm — 

7T 2 y/p 2 


— / G r 


, ,, . p'L^r , A dp' 4 _ 3 pL 

,(p,p)sm—Y 00 (p)-j== = -p 2 sm— (A.32) 


In the large L limit, a consistent solution will have a sin ^ factor. After extracting this 
factor and taking into account that under the integral we may substitute sin 2 ^ by \ up to 
e~ ML corrections, we can obtain an integral equation with no explicit L dependence. It is 
also convenient to pass to rapidity variables. Indeed writing 


Y^O) = 


pL 


-T- Sill ' 

LM I 2 


\J sinli 9 cosh 9 


h(6) 


(A.33) 


we get the following integral equation 


h{9) H—- sinh 6 


9' sinh 9 cosh 9' — 9 cosh 9 sinh 9' h{9')d9' 


7T 


sinli" 9 — sinh 2 9' 


sinh 9' 


= 1 


(A.34) 


One can check numerically that this is solved by h(9 ) = ^\/l + cosh 9. Thus the large 
L solution becomes 

_ y/2 ^ _ pL a/ 1 + cosh 9 

OO ) 


lmI 


sm 


2 cosh^-v/sinh^ 

which coincide^] with the large L limit of the decompactified LSNS solution f^ 3 \9) following 
Indeed we also verified numerically that its finite L version solves the 


from (4.3) in 

exact finite L version of the integral equation (A.22). We also checked numerically that 


the f( 2 \9) vector is also reproduced. The point of the above exercise was to ascertain that 
we have full control over the decompactified string vertex solution and make sure that the 
puzzling sin ^ factors indeed arise already for the decompactified vertex and do not come 
from some complications in subsequent finite volume reduction. 


23 It is obtained from Gl(p,p') by replacing the coth by 1 and thus differs by exponential mutliple wrapping 
terms e~ nML . 

24 Upto a (—l) m sign factor. 
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B Properties of the T ^(6) functions 


In this appendix we summarize the properties of the deformed T functions. We recall the 
original definition from [52J and renormalize them in order to simplify the formulas for the 
Neumann coefficients and to have simpler asymptotic behaviour. 

Following [52J we define the T^z) functions as 


3 “7 “2 


[Z = 


n 

n =1 


n 




UJ , 


= sjZ 2 + /i 2 


(B.l) 


where 7 is the Euler constant. The authors choose the finite branch cut for the square root 
co_ z = —co z such that r M (z) satisfies the functional equation: 

7r 


r„(z)r„(-z) = - 

The large 0 asymptotic has been calculated to be 


z Sill 7 TZ 


1 f \ 1 A* , , Uz + Z a/2t Ty/u z + fL 

log r„(z) = u z log — + * log-h log-b 0(e M ) 

2 e n z 


or alternatively 


= 


a/27 Ty / uJ 7 +~jl { ^\ ulz fu z + 


2 e 


9 


+ 


(B.2) 


(B.3) 


(B.4) 


The above equations apply only for |arg^| < n. For our purposes we renormalize this 
functions as 

t li (z) = e~ u ‘ lo *£r ii (z) (B.5) 

In order to resolve the branch cut it is convenient do introduce the rapidity parametrization 


z —/ismh.9 ; uj z — /j cosh 9 (B. 6 ) 

and consider T M as a functions of 9 and /i 

7w = h(«) (b.7) 


In the 9 variable the two sides of the branch cut are mapped to 9 and 9 +in and the function 
satisfies 


h(0) =-f„(-9) 

f/(0)f M (0 | in) ^ s i n h 0 sin( 7 r/isinh 0 ) 

(B-8) 

Consequently, it is 2ni periodic: 

T,(9 + 2m) = r^9) 

(B.9) 

Moreover, it has the large /i asymptotical behaviour: 



Hjf pO^i sinh 9 

r ^=V^ I + - 

(B.10) 


where |Q : m(0)| < n. 
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C Details on the sw(l|l) and su( 2 ) OPE coefficients 


In this Appendix we check how the kinematical singularity axiom is satisfied at weak coupling 
directly for the OPE coefficients. We investigate the 3-point coefficients in the sw(l|l) and 
su( 2) sectors up to 1-loop based on the available explicit results obtained from direct gauge 
theory calculations in [5?;, [SB]. 

As we explained in the main text we have to extract carefully the infinite volume limit of 
the OPE coefficient from the available finite volume 3-point functions. As we do not know 
the exact relation between the OPE coeffcients and the SFT vertex we do not bother with 
the correct normalization of the infinite volume 3-point functions and check the axiom (8.1) 
only up to proportionality. We start with the simpler sw(l|l) sector first and proceed with 
the more complicated su( 2) sector afterwards. 


The sw(l|l) sector 

In [57] the authors calculated the 3-point function in the sw(l|l) sector up to 1-loop. They 
parametrized the operators as closed spin chain Bethe states satisfying the BA equation^] 


T, 

e p j ' 


N r 

n w 

k-.k^j 


(r) 


*>£’) = 


(C.l) 


where the scattering matrix in our notation is 

S(pi,P 2 ) = ~S su{ i|i)(p 2 ,Pi) _1 = l + 8ig 2 siiiy sin y sin Pl ^ P2 + 0(g 4 ) (C.2) 

The OPE coefficients (here we write the complex conjugate of the expression from |57j ) up 
to 1-loop can be written as 


C123 — 


c rir=i f(p 


(0 (r) 

’A? 


vp Nl p N2 p N3 nf s nf m 



1 — e 


■ (3) , 
~ l Pk L 2 


n 2 




<2) pf' 


(C.3) 


where 


f(PuP 2 ) = ( e Wl ~ e W2 ) [l ~9 2 ( 1 + cos(pi - p 2 ) - cospi - cosp 2 )] + 0(g 4 ) (C.4) 


and the normalization factor C will not be relevant for our discussion. The original expression 
in m contained factors of the form ^1 — e ip * ' )i2 n,: s{pf ,i.e. the complex conjugate 
of the expression we wrote. As three point functions seem to be real we could just take 
the complex conjugate of their result. In any case this does not modify the physics. Let us 

25 Here we write the BA equation into our convention. In the AdS convention the BA equation takes 
usually the form e lpjL = Sau(i\i)(Pj>Pk)- In EZj S' su (i|i) was denoted by S. Strictly speeking there 

is also a phase factor difference between SApp) and our 5, SApipfp, k) = e l( - p ~ k P 2 S(p, fc) -1 , but as it 
basically shifts the volume we do not keep track of it. 
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also note that the appearance of the complex conjugate expression might be related to the 
conjugate process in which two smaller strings join into a bigger one. 

Recalling the general remarks in the main text we can observe that the would be pole 

(ON To'i 

of C*i 23 at p) ; = Pj is absent due to the zero coming from the BA quantization condition of 
Pj . As this OPE coefficient does not have a direct L 2 —> 00 limit we use the BA equations 
for p k ; to reformulate it following 

N 2 N 2 Ns 

(c. 5 ) 

i i j 


We now can safely take the L 3 , L 2 —> 00 limit and obtain the infinite volume 3-point function 


Ci 23 (M) oc 


nhi nS/tA'.A 1 ) A 

nf’nf /(pf.pf) b 


n 2 n 3 

Jp^Li TT Q(Jt) J 3) 


i (c.6) 


where the momenta p ® and p ^ no longer satisfy any quantization condition. 
I 11 order to check the kinematical residue axiom we calculate 


^iRes ( 3 ) ( 2 )Ci23(M) 

_ Pj _ 

Cl 23 ({p} \ {pf’.pf}) 

Using the unitarity of the scattering matrix we obtain the required factor 

n 2 n 3 

i j 


(C.7) 


(C.8) 


The su( 2) sector 

Let us recall the 1-loop structure constant from the literature [SH], written in to our con¬ 
ventions when L 5 = Li + L 2 . The operators are again parametrized by the momenta (more 
precisely by the spin chain rapidities) of the closed BA states satisfying: 


N r 

e ip(»r>i. JJ _ „M) = 1 ; S(u) = S, u(2] (u) = 


U — l 


u + i 


The momenta and the rapidities are related via 


e ip(u, _ 


s x(u + I) . . 1 u 

= —( -TT ; x 0) + ~~r~\ = - 

x[u -1) x(u) g 


The OPE coefficient up to 1-loop takes the form 


= C(1 - 9 2 (U + rg 2 - xU)p 23 g aAl 

\fPlP 2 Pi 


(C.9) 


(C.10) 


(C.ll) 
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(r) 

where the index refers to the set of rapidities u\ ; the various terms depend on. More 
explicitly 


and 


Ni 

r. = £ 

3 =1 



r 

j- 

= h r . - rj 


Ni 

+ 3 ) 

Ni 

(2) 


v 

U j 

- V 

U 3 

O 32 = 

3 = 1 

(«f ) 2 +1 

j=l 

(«f) 2 + 1 


(C.12) 


(C.13) 


Introducing Baxter’s Q functions and the transfer matrices 

Ni 


Q (l) (u) = - uf ) ; T {l \u) = ® y + e 


—ipL 


Q (l \u + i) 


3 = 1 


Q«( 


u 


gw( 


u 


(C.14) 


the next term can be written as 


rr^ 2 _ q(3)(m j 2)) _rr^ 3 (ax(u (3) - k )) Nl 


P23 ~ 


n.fi(b 3) - <’+0 n +=<+ - +'+0 


,( 3 ) 


^2 0,,( 2 ) 


, ( 2 ) 


(C.15) 


Finally the most complicated term can be compactly written in terms of a sum of N 3 x (N { + 
N 2 ) determinants 

S 23 = D [oa] + g 2 ((Ah + 1)D [0 ’ 3] + (Ah - 1)D [1 ’ 2 1 - 2a 32 A) [0 ’ 2] ) (C.16) 

in which the upper index shows, how the argument of the last two columns are shifted 


jjihj] — 


a a ,T' 3 H‘“r; 


.. d u ( 3 )TW(u%l) q 2 (uf } ) ... q Nl+i (ui) q Nl+j (uf>) 


9 » (3)T (3) (4 2) ) ... d ( 3 )TW(v$) q 2 (u Nl ) ••• q Nl +i(u^l) qN 1+ j(v$ 3 ) 

N 3 N 3 


and 


q n {u) = 


(u + l )- 1 


[u - 


I'm— 1 


(C.17) 

(C.18) 


The index of q in the N 2 + i’th column is i+ 1 except the last two columns which are shifted. 
The expression for A\ is quite involved, however, we do not need its explicit form to check 
the kinematical singularity axiom. 

To prepare for the infinite volume limit we rewrite the transfer matrix in terms of the 
scattering matrix as 


T U) (u] _ c -i P L i Q U) (u + i) 
[U) QV)(u) 

-ipLiQ^Ku + i) 


1 + e 


ipL , Q U) (u-i) 

QW(u + i) 

Ni 


= e~ ipL 


gw( 


1 + e' 


i.p r 


u 


n- 

k =1 


U — U 


(jh 


(C.19) 
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The derivative of the transfer matrix appears in the matrix element of the determinant as: 


a,,,3 >t< 3 >( u < 21 ) = 


e ~ip(uf ) )L 3 


Q (3 \uf ] + i) 


u 


( 2 ) 


(3) (2) 

u\ u) 

,(2)3. 


i (3) 

l k 


g( 3 )( 


U 


( 2 )> 


X 


JJ S(uf\uf) 

k-.kj^j 


(C.20) 


(2,^ 

Clearly the Uj = u\ would be pole is annihilated by the zero which manifests the BA 

(o) 

equation. In order to have a well defined L 3 , L 2 —» oo limit we use the BA of A- 7 to rewrite 
this expression as 


s.»>r (3) (t4 2) ) 


j Q (3 >(m< 2) + i) 

u y - - q 3 *+z q^( u \ 2) ) 

n ) n s (“f.4 3) ) 

k:k^j 


(C.21) 


Now it is legitimate to send L 3 and L 2 to infinity and keep L\ = L 3 —L 2 finite. This procedure, 
together with the renormalization of the BA states to the infinite volume scattering basis, 
result in the infinite volume ‘OPE coefficient’, where the rapidities no longer satisfy the BA 
equation, i.e. they are off-shell. As a consequence, the expression is singular for = ?i[ 3) 
and we can calculate its residue to check the kinematical singularity axiom. One non¬ 
trivial requirement is that the result should be proportional to a similar decompactified 
OPE coefficient with two particles less, when uy = u\ were removed. Clearly the overall 

factors, which depend only on the particles ] factor out. Additionally T 32 and a 3 2 reduces 
to the analogous expression with two particles less. The only singularity at u - ; = u y k comes 
from the common matrix element d (3 )T^(u^) of all determinants. When we expand the 
determinants wrt. this element the subdeterminant is nothing but the determinant, which 
appears in the reduced OPE coefficient and the prefactor is exactly the required one: 


-?:Res u (2 )=u (3)C'i2 3 ({u}) 

J k 

CWM \ {uf\u[ 3) }) 


Jp(uf } )L 


- n s( 


u {2) U {2h 

1 u j ) 


n s (“ 


(2) „.(3) 


U, 


m:m^j 


lilj^k 


(C. 22 ) 
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